Abstract. Given any subset of Z we associate to it another set on which we can define one or more (generally independent) abstract factorial functions. These associated sets are studied and arithmetic relations are revealed. In addition, we show that for an abstract factorial function of an infinite subset of Z the series of reciprocals of its factorials is always an irrational number.
Introduction
Let X be any non-empty finite or infinite subset (with or without repetitions) of the ring Z. We consider the problem of defining an abstract factorial function of X, and describing some of its properties. The recent work of Bhargava [1] , [2] , [3] should be consulted in this connection and we will review the basic definitions herewith. In [1] it was shown that a factorial function may be defined on X and that factorial function is in some sense natural.
Our approach here is different. Putting aside the Bhargava factorial of X and beginning with X we ask whether other factorial functions may be defined on X, and then present some of their arithmetic properties. Thus, in order to achieve this we need to axiomatize the notion of an abstract factorial function of a set X and we do this in the next section.
In the event that for a given X no clear candidates appear as factorial functions other than the Bhargava factorial function, then starting from X we create a new (generally not unique) set called an "associated set of X" on which one can produce many abstract factorial functions (generally infinitely many linearly independent ones if X is infinite). These associated sets arise naturally from a construction based on the original set X, a construction which leads to a class of numbers that is identifiable for a given set. An associated set can have many fascinating arithmetic properties and examples are given to illustrate this. In one instance we show that one of the associated sets of the set of prime numbers is a subset of a class of numbers considered by Ramanujan [7] , a class which originally included the highly composite numbers. Indeed, the first six numbers of this particular associated set of the set of primes are highly composite numbers but no others have been found to date. We then produce a global irrationality result for numbers defined by series of reciprocals of abstract factorials on infinite sets akin to the representation of e using ordinary factorials. Indeed, we show that given any abstract factorial function on an infinite set X, the sum of the reciprocals of its generalized factorials is always irrational. As an illustrative example we obtain, for instance, that the series of reciprocals of the cumulative products of all the divisors of the integers from 1 to n, i.e.,
is irrational.
Preliminaries
In the sequel the symbols X, I will always stand for non-empty subsets of Z; either may be finite or infinite, as the case may be, and their elements are not necessarily distinct. In the event that these sets have repeating elements it helps to think of them as integer sequences, as strange as they may be.
+ obtained using the elements of the set X itself. Writing its values conventionally as n! X , we assume that it satisfies the following conditions:
For every positive integer n, n! divides n! X .
Thus, the ordinary factorial function n! := 1 · 2 · 3 · · · · n is an abstract factorial function on Z + . The sequence defined by the numbers n! X := 2 n(n+1)/2 n! defines an abstract factorial function on the set X = {n 2 n : n ∈ Z + }, obtained by multiplying the first n-terms together. Bhargava's factorial function [1] , [2] defined on arbitrary X is also an abstract factorial on X (see the next section for a brief review). The shorthand notation, X, ! X will be used to denote a given set X along with some generally unspecified abstract factorial function of X.
One of the curiosities of abstract factorial functions on sets is the possible existence of equal consecutive factorials, something unexpected. Thus, in order to proceed we need to understand their role and connection to the rest of the theory. Definition 2.2. Let X, ! X be given. By a pair of "equal consecutive factorials" of X we mean a pair of consecutive generalized factorials such that k! X = (k + 1)! X , for some k ≥ 2. Remark 1. Of course, Definition 2.1(2) does not generally preclude the existence of such equal consecutive factorials as we do not assume that the factorials form a strictly monotone sequence (see the next section for a few examples of such sets and accompanying factorials).
We now describe some properties of the nearby factorials of sets with consecutive generalized factorials. We adopt the following notation for ease of exposition: For a given integer k we write
Since generalized binomial coefficients are integers by Definition 2.1(3), b k is an integer for every k = 0, 1, 2, . . .. The next result shows that strings of three or more equal consecutive factorials cannot occur.
Lemma 2.1. There is no set X having an abstract factorial function ! X with three equal consecutive factorials.
Proof. Assuming the contrary we let X, ! X be such a pair and let k ≥ 2 be an integer such that b k = b k+1 = 1. Since the binomial coefficient
by Definition 2.1(3), this implies that 2! X |1 for such k. On the other hand, 2!|2! X by Definition 2.1(4), so we get a contradiction.
Now that we know that equal consecutive factorials must be isolated and occur in pairs if they exist at all, we explore the relation of the factorials just preceding the pair to the pair itself.
Lemma 2.2. Let X, ! X be given and let
Proof. Lemma 2.1 guarantees that
is a positive integer, 2! X must be equal to either 1 or 2. Hence, by hypothesis, it must be equal to 1. However, 2! must divide 1 by Definition 2.1(4), so we get a contradiction.
The next result gives a limit to the asymptotics of sequences of ratios of abstract factorials defined by the reciprocals of the b k . These ratios do not necessarily tend to zero as one may expect, but may have subsequences approaching non-zero limits. Lemma 2.3. Let X, ! X be given with X infinite. Then either lim sup
the upper bound in (3) being sharp.
Proof. The sequence of generalized factorials is non-decreasing by Definition 2.1(2) thus, in any case lim sup k→∞ 1/b k ≤ 1. Next, let k n ∈ Z + , be a given infinite sequence. There are then two possibilities: Either there is a subsequence, denoted again by k n , such that k n ! X = (k n + 1)! X for infinitely many n, or every subsequence k n has the property that k n ! X = (k n + 1)! X except for finitely many n. In the first case we get (2) . In the second case, since k n ! X divides (k n + 1)! X (by Definition 2.1(3)) it follows that
except for finitely many n and this now implies (3).
The final statement is supported by an example wherein X is the set of all primes, and the abstract factorials are in the sense of Bhargava, [2] . In this case, the explicit formula derived in [ [2] Note: If they do exist, they certainly appear to be uncommon. Using generalized binomial coefficients it is easy to see that a necessary condition for the existence of such exceptional sets is that 1! X = 1 for the abstract factorial under consideration.
An irrationality result
Since the preceding results are valid for abstract factorial functions they include, in particular, the recent factorial function considered by Bhargava [1] , [2] . We summarize its construction for completeness. Let X ⊆ Z be an infinite set of integers. Following Bhargava [1] , [2] , [3] we define the notion of a p-ordering of X (it is defined more generally for subsets of Dedekind rings) and use it to define the generalized factorials of the set X inductively. By definition 0! X = 1. For p a prime, we fix an element a 0 ∈ X and, for k ≥ 1, we select a k such that the highest power of p dividing
The resulting sequence of a i is called a p-ordering of X. As one can gather from the definition, such p-orderings are not unique, as one can vary a 0 . Associated with such a p-ordering of X we define an associated p-sequence
where w p (a) is, by definition, the highest power of p dividing a (e.g., w 3 (162) = 81). Bhargava [1] , [2] shows that although the p-ordering is not unique the associated p-sequence is independent of the p-ordering being used. Since this quantity is an invariant, this led Bhargava to define the generalized factorials of X by setting
where the (necessarily finite) product extends over all primes p. Generally speaking, this is a non-decreasing sequence of integers. It follows from these definitions that for X = Z the notion of the generalized factorial is identical to the ordinary factorial (see [2] ) and we write n! Z + := n! as usual.
As we mentioned above, the question of the possible existence of equal consecutive factorials is of interest. I am grateful to Manjul Bhargava for pointing that such equal consecutive factorials may exist in rings other than the rational integers and the occurence of this phenomenon within Z is not clear. We show herewith that although this appears to be a remote possibility for the ring of rational integers, such examples do exist even in this case.
Example 3.1. There exist sets X with consecutive Bhargava factorials, ! X . Perhaps the easiest example of such an occurrence lies in the set of generalized factorials of the set of cubes of the integers, X = {n 3 : n ∈ N}, where one can show directly that 3! X = 4! X (= 504). Actually, the first occurrence of this is for the finite subset {0, 1, 8, 27, 64, 125, 216, 343}.
Another such set of equal Bhargava factorials is given by the finite set of Fibonacci numbers X = {F 2 , F 3 , . . . , F 18 }, where one can show directly that 7! X = 8! X (= 443520). We point out that the calculation of Bhargava factorials for finite sets is greatly simplified through the use of Crabbe's algorithm [5] . I am grateful to Andrew Crabbe for a useful correspondence regarding [5] .
In what follows we will use the phrases "abstract factorials" and "generalized factorials" interchangeably. Inspired by the factorial representation of the base of the natural logarithms, one of the basic objects of study here is the series defined by the sum of the reciprocals of the abstract factorials in question.
Definition 3.1. Let X, ! X be given, X infinite. The constant e X is defined by the series of reciprocals of its generalized factorials, i.e.,
Note that the series appearing in (4) converges on account of Definition 2.1(4) and 1 < e X ≤ e. Thus, for X = Z + with the usual factorial function e X = e, Euler's number (≈ 2.718 . . .). The set X = {n 2 n : n ∈ Z + } with generalized factorial function defined by n! X := 2 n(n+1)/2 n! has an e X ≈ 1.56514.
We now state a few lemmas leading to an irrationality result for sums of reciprocals of such abstract factorials. Proof. For any given set X the quantity 0! X = 1 by definition, so we leave it out of the following discussion. Assume, on the contrary, that e X is rational, that is,
Let k ≥ b, k ∈ Z + and define the number α X,k by setting
Note that,
Let L < 1/2. For ε > 0 so small that L + ε < 1/2, we choose N sufficiently large so that for every k ≥ N we have k! X /(k + 1)! X < L + ε. Then it is easily verified that
for every i ≥ 1 and k ≥ N . Since L + ε < 1/2 we see that
and this leads to a contradiction.
The case L = 1/2 proceeds as above except that now we note that equality in (3) implies that for every ε > 0, there exists an N such that for all k ≥ N ,
Hence, for all k ≥ N ,
We now fix some ε < 1/6 and a corresponding N . Then the right-side of (6) is less than two. But for k ≥ N o ≡ max{b, N }, α X,k is a positive integer. It follows that α X,k = 1. Using this in (5) we get that for every k ≥ N o ,
Since the same argument gives that α X,k+1 = 1, i.e.,
comparing (7) and (8) we arrive at the relation (k + 1)! X = 2k! X , for every k ≥ N o . Iterating this we find that, under the assumption of equality in (3) we have
Remark 2.
Although condition (4) in Definition 2.1 of an abstract factorial function, i.e., n!|n! X , appears to be very stringent, one cannot do without something like it that is Lemma 3.1 above is false for "factorials functions" without this or some other similar property. For example, consider the set X = {q n : n ∈ N} where q > 1 on which we define the "factorial" n! X = q n , which satisfies properties (1), (2) and (3) of Definition 2.1 but not (4) . In this case it is easy to see that even though our factorial satisfies equation (3), e X so defined is rational. 
where the (finite) product extends over all primes. Then e X ≈ 2.562760934, is irrational.
A study of the Bhargava factorials of the set X of primes is made by Chabert [4] . It is showed therein that the power series expansion of the function (− log(1 − x)/x) m , where m ∈ N, may be written as
where B n (m) is a primitive polynomial in Z[m] and the denominators are the Bhargava factorials of the set of primes.
The next lemma covers the logical alternative exhibited by equation (2) of Lemma 2.3.
As we alluded to earlier it is not clear at all whether this possibility ever materializes itself for a given abstract factorial function.
Lemma 3.2. Let X, ! X be given, X infinite. If the sequence of generalized factorials of X satisfies (2) , then e X is irrational.
Proof. There are two cases: either 2! X = 2 or 2! X = 2.
Case 1: Let 2! X = 2. We proceed as in the preceding Lemma 3.1 up to (5) . Thus the assumption that e X − 1 is rational, e X − 1 = a/b implies that α X,k ∈ Z + for any k ≥ b satisfying (5). We rewrite this more compactly below for ease of reference. Thus, using the notation in equation (1) above,
Since the generalized factorials must have integral valued binomial coefficients by Definition 2.1(3), we see that the product b 1 b 2 · · · b n−1 = n! X /1! X is a positive integer for every n. Hence,
+ is equivalent to saying that n! X |b k b k+1 · · · b k+n−1 , for every k ≥ 0 and n ≥ 1. Since n!|n! X for all n by Definition 2.1(4), this means that
for every integer k ≥ 0, n ≥ 1.
By hypothesis there is an infinite sequence of equal consecutive factorials. Therefore, we can choose k sufficiently large so that k ≥ b and b k+1 = 1. Then (9) is satisfied for our k with the α X,k there being a positive integer. With such a k at our disposal, we now use Lemma 2.2 which forces b k ≥ 3 (since 2! X = 2). Using this information along with (10) in (9) we get
and this yields a contradiction.
Case 2: Let 2! X = 2. We proceed as in Case 1 up to (9) and then (10) without any changes. Once again, we choose k ≥ b and b k+1 = 1. Since 2 = 2! X |b k b k+1 , we see that b k must be a multiple of two. If b k = 2, then (9) gives the estimate α X,k ≤ 1/2 + 1/2 + e − 2 − 1/2 ≈ 1.218.... However, since α X,k is a positive integer, we must have α X,k = 1. Hence b k = 2 is impossible on account of (9). Thus, b k ≥ 4. Now using this estimate once again in (9) we see that
and there arises another final contradiction. Hence e X is irrational.
We summarize the previous two lemmas in the following theorem.
Theorem 3.3. Let X ⊆ Z be any infinite subset and let ! X be an abstract factorial function of X. Then e X is irrational.
Remark 3. This means that given any abstract factorial function on an infinite set X, the sum of the reciprocals of its generalized factorials is always an irrational number. This, therefore, is one possible setting for an extension of Lambert's classic theorem on the irrationality of e, showing that its irrationality appears to be due more to the structure of the factorial function in question than the underlying theory about the base of the natural logarithms. As a direct application, we note that since the Bhargava factorials of an arithmetic progression X = {an+b : n ∈ N}, a > 0 are given by n! X = a n n! [ [2] , Example 17], we can immediately deduce the irrationality of the number e 1/a , for any integer a > 0. More examples follow below.
Associated sets and their properties
As we referred to earlier it is shown in [1] that on every subset X ⊆ Z one can define an abstract factorial function. For example, if k = 2, a ∈ Z + , then the integer sequence {a n k } ∞ n=1 is a p-sequence for all primes p simultaneously. Its Bhargava factorials are then a simple matter [ [2] , Lemma 16 and Example 19], however, this is not the case if k = 3, and this for any a > 0. Now, there are cases where the product of the first n-terms b 1 b 2 · · · b n of the given set X can be used to define an abstract factorial function of X as well, which may or may not agree with the Bhargava factorial function of X (e.g., X = Z + , X = {n 2 n : n ∈ Z + }). However, if our set X fails to have any special property of the type just discussed, we show that there is still another method to induce a factorial function, not necessarily on X itself, but on a set "associated" to X in such a way that if X is infinite, one can define infinitely many (generally linearly independent) factorial functions on this associated set. So, if the original set X is such that it is identical to its set of factorials (called a self-factorial set, see below) we can then define infinitely many abstract factorial functions on X, in addition to the one described in [1] for this set. The construction of this special associated set is next. α k | such that B i B j |B n for every i, j, 0 ≤ i ≤ j ≤ n, and i + j = n.
Of course, such an associated set may be finite (if X is finite) or infinite, and trivial (e.g., if b 1 = 0 or some other b k = 0) or non-trivial, see below. So, for instance, if none of the b i vanish this construction guarantees that if we define n! X = n! B 1 B 2 · · · B n then all the generalized binomial coefficients n k X are integers for k ≤ n, (see Definition 2.1(3)) so that the factorial function just defined is indeed an abstract factorial function on X I . Observe that n! X = n! B n , n! X = n! B n B n+1 , etc. all define general factorial functions on our (associated) set X I . From now on, we will always assume that any/all associated sets are non-trivial.
The basic properties of any one of the associated sets of a set of integers, all of which follow from the construction, can be summarized as follows.
Remark 4. Let I = {b i } ⊂ Z be any infinite subset of the integers. For any fixed b m ∈ I, the associated set X bm = {B 1 , B 2 , . . . , B n , . . .} exists and when non-trivial, has the following properties: a) for every n > 1 and for every i, j, 0 ≤ i ≤ j ≤ n and i + j ≤ n, we have B i B j |B n , b) for every n, lcm{B 1 , B 2 , . . . , B n } = |B n |, and c) for every n, gcd{B 1 , B 2 , . . . , B n } = |b m |. In addition, if the elements of I are all positive, then the B i are monotone.
The above construction of an associated set leads to very specific sets of integers, sets whose elements we identify next. Theorem 4.1. Given I = {b i } ⊂ Z, the terms
define its associated set X b1 (where we leave out the absolute values around the b's in (13) by convention. As usual ⌊x⌋ is the greatest integer not exceeding x).
Proof. Note that (13) holds for the first few n by inspection so we use an induction argument: Assume that
holds for all i ≤ n − 1. Since we require B i B j |B n for every i, j, 0 ≤ i ≤ j ≤ n and i + j = n, we note that B i B n−i |B n for i = 0, 1, . . . , ⌊n/2⌋. On the other hand if this last relation holds for all such i then by the symmetry of the product involved we get B i B j |B n for every i, j, 0 ≤ i ≤ j ≤ n and i + j = n. Now, writing
where the α i > 0 by construction, we compare this with the expression for B i B n−i , that is
the product extending up to the maximum of the indices i, n−i. Comparison of the first and last terms of this product with the expression for B n reveals that α 1 = n and α n = 1. For the other terms we observe that since for every i,
it follows that ⌊n/j⌋ is an attained upper bound for the left hand side, for all j, 1 ≤ j ≤ n and 1 ≤ i ≤ ⌊n/2⌋. However, the divisibility criterion in the construction along with the minimal nature of the exponents concerned now forces α j = ⌊n/j⌋ for all j under consideration, and this gives the form of B n .
Before proceeding with some applications we require a few basic lemmas. 
Proof. The case k = 0 can be found in [ [6] , Theorem 320], while the case k = 1 is referred to in [ [8] , A024916]. Basically all we need to do is to keep track of the number of divisors of a given kind. For example, displaying a list of all the divisors from 1 to n before us, we see that the number 1 will appear ⌊n/1⌋ times, the number 2 will appear ⌊n/2⌋ times, and generally, the number j will appear ⌊n/j⌋ times, for each j, 1 ≤ j ≤ n. Thus the cumulative sum of all these divisors must be equal to n i=1 i ⌊n/i⌋. However, this cumulative sum is also equal to σ(1) + σ(2) + . . . + σ(n) by definition, so the result follows for k = 1. The general case is completely similar since the list now contains the k-th powers of each of the divisors but their number is otherwise the same. A similar argument thus leads to (14).
Note:
The left-side of (14) Proof. Write down the list of all the divisors from 1 to n inclusively (as per Lemma 4.1). Of course, each integer i between 1 and n appears in this list a number of times. Actually, for such a given i there are ⌊n/i⌋ multiples of the number i less than or equal to n. Hence i ⌊n/i⌋ divides our cumulative product by definition of the latter. Taking the product over all integers i shows that
⌊n/i⌋ |α(n). But all the divisors of α(n) must also be in the list and so each must be a divisor of
⌊n/i⌋ . The result follows.
Remark 5. It is also known that
(see [8] , id.A092143, Formula).
We now move on to examples where we describe explicitly some of the associated sets of various basic sets of integers.
Example 4.2. We find the associated set X I of the set I of essentially constant integers: I = {1, q, q, q, q, . . .} as per the construction where q ≥ 2 is given. Choosing B 1 = q in the construction gives the associated set a set whose n−th term B n = q a(n) , where a(n) = n k=1 d(k) (by Theorem 4.1 and Lemma 4.1) and d(k) is, as before, the number of divisors of k. Note that by the very nature of the set itself n! does not, in general, divide B n for every n. In other words, n! X = B n does not define a generalized factorial function of X I . So, we consider the abstract factorial function defined by n! X = n! B n . Here we see that equal consecutive factorials cannot occur by construction so, by Lemma 3.1, the number e X defined by the sum of the reciprocals of these generalized factorials is irrational.
Remark 6. Note that the Bhargava factorials of I are mostly zero while those few that one can calculate by hand for the associated set X I indicate that the factorials are not of the form of the B n above. Still, regardless of the actual values of these factorials we conclude from Theorem 3.3 that the series of reciprocals of the Bhargava factorials of X sums to an irrational number for all q ≥ 2. It appears that, generally speaking, the factorials defined here are distinct from Bhargava's. Definition 4.1. If for a set I with a corresponding associated set X I = {B n } we have n!|B n for every n, then the function n! X I = B n defines an abstract factorial function of X I . In this case, we say that the set X I is a self-factorial set.
Next, we show that set I of positive integers also has an associated set with interesting properties. Example 4.3. We find the associated set of the set of positive integers I = Z + as per the preceding construction. Choosing B 1 = 1 we get the following set, 2, 6, 48, 240, 8640, 60480, 3870720, 104509440, 10450944000 , . . .} (17) a set which coincides with the set of cumulative products of all the divisors of the numbers 1, 2, . . . , n by Lemma 4.2 and Theorem 4.1 (see Sloane [8] id.A092143). Note that, by construction, n!|B n for every n, in this case. Hence, we can define an abstract factorial of X Z + by setting n! X Z + = B n to find that for this abstract factorial function the set of factorials is given by the set itself, that is, this X Z + is self-factorial. In particular, since equal consecutive factorials cannot occur by construction, it follows from Lemma 3.1, that the number defined by the sum of the reciprocals of these B n , i.e., is irrational.
Remark 7.
The previous example is a special case of a more general result which states that the associated set of the set X = aZ + , a > 0, is given by terms of the form
This is readily ascertained using the representation theorem, Theorem 4.1, and Lemma 4.2.
Observe that many other integer sequences I have the property that n!|B n for all n. For example, if we consider the set of all k-th powers of the integers, I = {n k : n ∈ Z + }, k ≥ 2, then another application of Lemma 4.2 shows that its associated set X I with B 1 = 1 is given by terms of the form
In these cases we can always define a factorial function of the associated set by n! X I = B n .
The next two examples indicate that some of the associated sets of other integer sequences may have fascinating properties. n! X 2 = B n . Since X 2 is a self-factorial set and there are no consecutive generalized factorials we conclude from Lemma 3.1 that
1/2 n 3 ⌊n/2⌋ 5 ⌊n/3⌋ · · · p i ⌊n/i⌋ · · · p n ⌊n/n⌋ ≈ 1.5918741, is an irrational number.
Finally, strictly speaking, one need not restrict oneself to sets and their factorials in order to get irrationality results of the type presented here. It merely suffices to have at our disposal an abstract factorial function, as then this factorial function will provide the set. For example, the following theorem is obtained.
Theorem 4.8. Let p n ∈ Z + be a given integer sequence satisfying p 0 = 1, n!p n is non-decreasing for all n, and for every n ≥ 1, p i p j |p n for all i, j, 1 ≤ i ≤ j ≤ n with i + j = n. Then the series ∞ n=1 1 n!p n sums to an irrational number.
In this case, the abstract factorial function is given by n! X = n!p n where X = {n! p n } is a self-factorial set.
